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Abstract 
Let {Hi}i,2 ..... k be an isomorphic factorization of K. where k >/2 and k divides ½n(n - 1). If 
there is a permutation fl on V(K.) such that fl: V(Ht)---~ V(Ht,.,) is an isomorphism for 
i = 1, 2 ..... k - 1 where {Ht,}i = 1,2 ..... k is a rearrangement of {H~}i =1,2 ..... k then a graph G of 
order n isomorphic to H~ is called a cyclically k-complementary g aph. We call the aforemen- 
tioned permutation fl a k-complementing permutation of a cyclically k-complementary graph. 
The purpose of this paper is to present some properties of k-complementing permutations ofthe 
said graphs. 
1. Introduction 
Let Kn be a complete graph of order n. Let {Hi}i= 1,2 . . . . .  k be an isomorphic 
factorization of Kn where k >I 2 and k divides ½n(n - 1). A graph isomorphic to Hi is 
commonly  called a k-complementary graph l-2]. If there is a permutat ion fl on V(K~) 
such that [3:V(Ht,)~ V(Ht,.,) is an isomorphism for i=  1,2 . . . . .  k -1  where 
{Ht,}i = 1,2 ..... k is a earrangement of {Hi}i= 1,2 ..... k then a graph G of order n isomor- 
phic to Hi is called a cyclically k-complementary graph. Let us denote it by G(k, n). We 
call the aforementioned permutat ion fl a k-complementing permutation of G(k, n). Let 
us use the notat ion k-CP of G(k, n). 
Our objective in this paper is to characterize the k-complementing permutat ions of 
G(k, n). In [1], it is proved that when fl is a k-CP of G(k, n) then every cycle of fl of 
length greater than one is a multiple of k, and if fl contains a cycle of length one, then 
this cycle is unique. It is also shown that n = 0 or 1 (mod k) and the sum of the degrees 
of k successive vertices in every cycle of fl is n - 1. 
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2. Characterization of kCP of G(k, n) 
From here on, kin means k divides n and/3H,, = H,,+, means fl: V(H,,)--. V(,,+,) is 
an isomorphism. In the next two lemmas and a theorem, let us assume that 
,SHi = Hi+l for all i = 1, 2 .... .  k - 1. 
Lemma 1. Let fl be a k-CP of G(k,n). Then flHk = HI.  
Proof. Let [a ,b]eE(Hk) .  Then [fla, f lb ]eE(H i ) fo r  some i. Suppose i=2 or 
3 or . . . . .  or k. Then by definition of fl, [a, b] ~ E(Hi_ 1) which is not possible. Hence, 
[fla, flb] ~ E(H1). Obviously, if [fla, flb] ~ E(H~) then [a,b]  e E(Hk). [] 
Lemma 2. Let fl be a k-CP of G(k, n). Then for any positive integer s, flSHi = H~ where 
i + s - j  (rood k). 
Proof. Since flHi = Hi+l for all i = 1, 2 .. . . .  k - 1 and f lH k = H 1 by Lemma 1, we 
have flSHi = Hj where i + s -=j (modk). [] 
Theorem 3. Let t be a positive integer and fl be a k-CP of G(k,n). Then fit is an 
automorphism of G(k,n) if and only if t =- 0 (mod k). 
P~oof. Suppose t = ks for some positive integer s. By Lemma 2, flks = fltHi = Hi for 
every i. Thus, fit is an automorphism of G(k, n). Suppose fit is an automorphism of 
G(k,n). Then fltH i = Hi. By Lemma 2, fltHi = H~ where i + t - - j  (modk) so that 
H i=H r .Thus , t -0 (modk) .  [] 
Theorem 4. Let fl be a k-CP of G(k,n). Let t be a positive integer. Then fit is a k-CP of 
G(k, n) if and only if t and k are relatively prime. 
Proof. Suppose t and k are relatively prime. Let us assume that flHi = Hi+l for 
i=  1,2 .. . . .  k -1  since fl is a k-CP of G(k,n). By Lemma 2, fltH i = Hi+t and 
fltHi+t = Hi+2t. Applying this lemma (k - 1) times, we have this sequence of sub- 
scripts i, i + t,i + 2t, i + 3t .. . . .  i + (k - 1)t where each is taken modulo k. Suppose 
+ st = i + s't (mod k) where s :/: s' and 0 ~< s, s' ~< k - 1. Since k and t are relatively 
prime, k l(s - s') which is not possible. Hence, these k subscripts of H are pairwise 
incongruent modulo k. Therefore, fit is a k-CP of G(k, n). Suppose fit is a k-CP of 
G(k,n). Then fltHq, = Hq,+~ for every i=  1,2 .... .  k -  1. That is, the sequence of 
subscripts by Lemma 2, qi,qi + t, qi + 2t, ql + 3t . . . . .  qi + (k - 1)t are each taken 
modulo k and are pairwise incongruent modulo k. Suppose the greatest common 
divisor of t and k is d>l .  We assume that k does not divide t by virtue of 
Theorem 3 so that k 4: t. We also assume that k > 4 since k = 2, 3 are primes. Since 
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d > 1 and d l k we have 1 < k/d + 1 ~< k - 1. Hence, 1 + (k/d + l)t is in the preceding 
sequence and l+t~l+( t /d+ 1)t. Now, kit(k/d) so that l+t=l  +(k /d+ 1)t 
(mod k), which is a contradiction. Therefore, k and t are relatively prime. [] 
Theorem 5. Let fll = (1,2,3 . . . . .  sk) be a cycle of a k-CP of G(k,n). For each 
i = 1,2 ..... k, then all vertices i +jk wherej = 0, 1,2 . . . . .  s - 1 have the same valency in 
G(k, n). 
Proof. Consider H1, H2 . . . . .  Hk. Assume without loss of generality that G(k, n) = HI. 
Let 8 be such a k-CP of G(k,n) containing f l .  Let A={i , i+k , i+2k  ..... i+ 
(s - 1)k}. Since 8JkH~ = H~ for a l l j  by Theorem 3, the vertices in A have the same 
valency in G(k, n). [] 
Theorem 6. Let fl = fl182...8, be a k-CP of G(k,n). For any subset A of fl,f12 ..... fl,, 
let V(A ) be the set of all vertices contained in A. Let p = I V(A)I. Then the sub#raph of 
G(k, n)induced by V(A) is itself G(k, p) if klp(p - 1)/2. Furthermore, a k-CP of G(k, p) 
consists of elements of A. 
Proof. Let {Ni }i= L 2 ..... k be an isomorphic factorization of Kn having 8 as a k-CP. For 
every i, let Hi be the subgraph of Ni induced by V(A). Then obviously {Hi}i = 1 ..... k is 
a set of spanning and edge-partit ioned subgraphs of Kp since k I P(P - 1)/2. Let 8' be 
the permutat ion whose cycles are all elements of A. If a, b • V(Hi), then [a, b] • E(Hi) 
if and only if [a, b] • E(Ni) for every i. For  each [a, b] • E(HI), [fl'a, f ib] = [fla, fib]. 
Hence, [a,b] • E(Hi) if and only if [8 'a, f 'b ] • E(Hi+t). Thus, {Hi}i= 1 ..... k is an 
isomorphic factorization of Kp having 8' as a k-CP. Therefore, G(k, p) is an induced 
subgraph of V(A). [] 
Corollary 7. l f  8 = 8182... fl,(v) is a k-CP of G(k, n), then by removing the fixed vertex 
v of f from G(k,n), we obtain G(k,n - 1) with a k-CP fllfl2...flr. 
Proof. Let n = ks + 1 for some integer s. Since k l n(n - 1)/2 then we have 21 s(ks + 1). 
Hence, 2 I(ks - 1)s and so k I(n - 1)(n - 2)/2. By Theorem 6, we obtain G(n - 1,k) 
with a k-CP 8182-..8r. [] 
Theorem 8. Suppose fl is a k-CP of G(k, n) with n = 0 (rood k) and k I(n + 1)n/2. I f  
vertex v is connected to every kth vertex of each cycle in fl, then G(n + 1, k) with a k-CP 
fl(v) exists. 
Proof. Let {Ni}i = 1,2 . . . . .  k be an isomorphic factorization of K .  with 13 as a k-CP. Since 
k] n, each cycle of fl is of length multiple of k. For  each i, let Hi be a subgraph of 
Kn+l with V(HI)= V(Ni)w {v} and E(Hi) is the union of E(NI) and the edges 
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connecting v and every kth vertex of each cycle of ft. Obviously, {H~}i =1,2 ..... k is a set 
of spanning and edge-partitioned subgraphs of kn+l since k ln(n + 1)/2. Further- 
more, fl(v): V(Hi)~ V(Hi+I) is an isomorphism for i=  1,2 ..... k -  1. Therefore, 
G(k,n + 1) with a k-CP fl(v) exists. [] 
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